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IV. 4n Effay on the Connexion between the
Parallaxes of the Sun and Moon ; their
Denfities 5 and their diffurbing Forces on
the Ocean. By Patrick Murdoch, D. D.
F. R. S.

Read Feb. 18, T N a letter to Mr. Reid, formerly pre-

1768. fented to the Hon. Society, and printed
in Vol, LIV, Part II. of the Tranfattions, mention
was made of a rule which I had ufed for computing
the fun’s parallax ; but as that rule, though it gave a
folution near the truth, was in part founded on au-
thority (which, however refpe@able, ought to be
cautioufly admitted in fuch enquiries), I have confi-
dered the fubjec anew, upon fuch principles alone, as
the eftablithed theory and the beft obfervations fur-
nithed me. And the refult is now humbly fubmitted
to the Society.

1. The length of a fecond-pendulum at the equa-
tor, and on a level with the fea, being 36 inches
4. lines, Paris meafure, according to the accurate
obfervations of M. de la Condamine *, that length

* Journal du Voyage, &c. p. 163. In the copy of this paper,
which was read in the Society, the length of a fecond-pendulum,
at the equator, had been computed from its length at London:
but here it is taken from the immediate obfervations of a very

able altronomer. Some other fmall alterations have been made s
and the examples placed in a better order,
(properly
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(properly corre@ed) will, by the reafoning in the
abovementioned letter, give the diftance of a moon
circulating round an unmoveable earth, equal to
59.95792 femidiameters of the equator. For the
logarithm of this number, which is 1.7778438,
write /.

Let L be the logarithm of fome greater mean
diftance, inferred from obfervations of the moon’s
parallax ; and if » be the natural number to the

logarithm 3 X L—/, and M be taken equal to
;“_I—i‘,, the mafs of the earth will be to that of the

moon, as M to I.
Converfely, If M be any how determined,

its equal -r-—_l_-l-, and », with its logarithm 3 x L -1

are known; I of whichis L — / to be added to /
For inftance, if, with Sir Ifaac Newton, we put
M = 39.788, the diftance will be 60.4557, the
logarithm L being 1.7814372.

II. If, for each of thefe three, the moon’s mafs, -
her accelerative force on the earth, and her diftance
from the earth’s centre, we write (¢ = ) 1: the
accelerative force of the earth on the moon will be
reprefented by M, the mafs juft now computed.
And if F is the fun’s accelerative force on the earth,
x his diftance in femidiameters of the lunar orbit,

Q_the ratio of a fidereal year to a periodic month ;
.« . F M
we have (by Cor. 2. Prop. 4. Princip. 1.) — = T

a given ratio in given terms,

Vor. LVIII, E III. The
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III. The terms F, x, therefore, muft involve a
common fattor; by which being divided, the quote

may be -&—f—a And this might be obtained inau-

merable ways, were we to confider the ratio ~I;
merely as an abftraét quantity, altogether unreftriét-

ed : it were only putting M”x O\?:: F. And

%tﬂ =X, oer'—”(Lp_ =F, and QI‘;”P::x: fo
as the fum of the indices of M fhould be unity, and
the difference of thofe of Q thould be 2.

But though the quantities F, x, are as yet un-
known, they are not for that indeterminate and va-
riable, as fuch a Liberty of fubititution would import :
and all fubflitutions which imply the contrary, all
indices which the theory difowns, or which are in-
confiftent with obfervation, are to be rejected. In a
word, the ¢ndices, n, p, ought each of them to be
unique, and determinate (fine compare), * as the
quantities F and x are in nature. I take, there-
fore, p—=1, and w = ;; thatis, F=M 1 x Q,

* = 1\% See the examples in the table fubjoined,
'upon different fuppofitions of the moon’s diftance.

¥ See Neut. Arith. Univerfal. in the Schol..to Prob. xxiv.
The maxima and minima of variable quantities ; the coordinates
belonging to a double point, or to a point of reflexion, or con-
trary flexure, rays of curvature, limits of ratios, &c. All thefe
are examples of the wnigue; that is, of quantities in a ftate
that is diftinguifhed from and exclufive of all others.

1V. The
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IV. The accelerative forces of
\G\| two fpherical bodies, A, B, upon
a third C, are diretly as their
mafles, and inverfely as the fquares
of their central diftances ST, LT,
(or of x and 4): which may be

F A d*
thus exprefled, e=T1 X =

But the maffes, A, B, being as
their refpective denfities (which
call s, m), and the cubes of (R, 7),
the femidiameters of the fpheres

conjun@ly ; if we write for —;-:

. F s R?

its equal, we have e =m X 77
&

x Ta2e

x
Let the mafs C be to B, as
M to 1; and (f) its force on B,

willbe g M, or ¢ = é, which
eg MF __ s o * d F

gives 7 = - X pp) an 7:.:

-ﬁ—:——l—&: fuppofing the apparent fe-

midiameters of A and B to fub~
tend the fame angle at the centre
of C, and thence R to be to 7, as
xtod.

V.But if SG, the femidiame-
ter of A, be to the fuppofed femi-
diameter $V, as g to, then,

E 2 the



[ 28]
the denfity s remaining, the accelerative force of A
(proportional to its magnitude) will be increafed
in the triplicate of that ratio, thatis, we now have
¥ s .
?:::m X X, putting d—=—1.

And the three bodies, A, B,C, reprefenting the fun,
moon,andearth;; likewife Q being theratioof the periods
of the earth and moon, it is;_—: Qx—f (by the corol-

. s M
lary quoted in Art. II..).A Whence ~ = T
~ VL. This accelerative force of A remaining, ima-
gine the femidiameter S G to be reduced to its
former magnitude SV ; and the denfity of A will,
at the fame time, be increafed to s' = ¢*Xx+, and
st M

— — e
—— 2

In which cafe, namely, when the apparent femi-
diameters of A and B (the fun and moon) ate equal,
their powers to raife a tide at v, a vertex of C, will
be as the denfities s', m *: that is, as M ¢he ratio
of the earth’s mafs to the moon’s, and Q~* the du-
plicate ratio of the year and month.

Or thus: The diftances of the bodies, A, B, from
the third C, being very great, their powers to raife
a tide at v, or their difturbing forces cn the ocean,
will be directly as their accelerative forces at the
centre of C, and inverfely as their diftances from
it: thatis, writing a, 4, for the difturbing forces re-
fpe@ively ; and for the fun’s diftance in {femidiameters
of C, the Letter 2, it will be a : 6:: 7 : 5

* See the laft page of Dr. Sanderfon’s Fluxions: or the late
ingenious T Simpfon’s Mifcellaneous Fracls, p. 13 F
' _ or,
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For, by the general law, 2 is to F, as the dif-
ference of the fquares of = and z— 1 is to the fquare
of x—1; thatis, as2z—1t02’ -~22 4 1. And
the fame way bisto ¢, as2d = 1tod*—2d41;
whence, halving the antecedents, and retaining only
z*, d? in the confequents, we have the ratio of &
to b, as above.

If the difturbing force of B is exerted at o*, the
oppofite vertex of C, & will now be to ¢, as 2441
tod* + 2d41; and, in ftri®nefs, we ought to
take a mean value of 4 : but this may be neglected as
inconfidetable.

Laftly, let the fun’s diftance be again exprefled in
femidiameters of the lunar orbit; that is, if for 2
we write dx, and unity for ¢, we havea:d::

F I *
oo oras M 10 Q, as before.

VII. In Art. V. it was found that » denoting
the denfity of the moon, and s that of the fun, ¢°
being triple the ratio of the fun’s mean femidiameter

2 3
to the moon’s ¥, then will %” — 91—\'41 Whence it

will eafily follow, that the denfity of the earth is to
that of the fun, as QX 83 to P*; P being the
moon’s horizontal parallax, and S the fun’s appa-
rent femidiameter.

*Inthe Principia, the femidiametersare r6’. 6", and 15'. 381"
giving 00359755 for the logarithm of ¢°. Others take a few
feconds from each ; which does not much alter the value of 4%

VIIL I
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_ VIL T have applied thefe rules (as in the follow-
ing Table) to the principal hypothefis of the moou’s
mean diftance.

1% Suppofing it of 60.24  (from Dr. M. étewart.)
2°. i 60.4. (Cor. 7. Prop. 37. Princip. IIL)
3’ e 60,455 (Neut, M being 39.788.)

° . . [ (As by Mr. Short’s calculations
4 ' 60'493{ from the tranfit of 9.)

The Moon’s Mean Diftance, being in Semidiame-.
ters of the Equator.
60.24 60.4 | 60.455 160.493
. rn 7 r ” ! 4 "

I|Parall. D 57+4217 56.55% | 56.52  |56.49,88

: 3
II.|Mafs »| 70-4225| 44.823 1 39.788 {36.9908

Ill{e dift. to D 284.723 |356.885 |378.293 [392.854

" " "o ! Xi4
IV |Parall.  ©f 1245 9,58 9.4 8.69
, D ]
V.|Denf. O 277:1 4.35°1 49 ‘15273 01
K )
V1.{Denf, D| 1,449 :1j0.9295: 10.827 :Xo.7707 1
¥
VII|Denl.  ©4.0128: 1/4.045 " 1/4.0559 % 1}4.06375:1
’ ,
VIIL|Tides  ©}2.5379% 1]3.9873: 1{4.5544 : 1]4.8316: 1
F. o on &

IX.|F. & on D}1.593 :

—d

1.9968 :1{2.1104 : 1{2.7981 ° 1
R E-
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REMARKS

1. If it (hould be thought that the reafoning in
Art, III. refts too much upon a metaphyfical princi-
ple of Leibnitz, and requires, if not an apology,
at leaft a more formal proof: the ground of fuch
reafoning, and its extenfive ufe, may be more par-
ticularly explained on fome other occafion. Suffice
it at prefent to add to the note on that article,

That as the given factors (Qand Q?)in F and «,

may be joined with M", or with M' ™" indifferent-
ly, the cafe is fimilar to that of an equal chance at play,
for the ftakes # and 1 —»n, where the juft expe@a-
tion of each gamefter is X, whatever be the value
of ». ‘The fifth and fixth Propofitions of Element I,
{carce needed any other demontftration than, that it is
manifeftly impoflible to affign any reafon of inequa-
lity, of the angles in one of thefe theorems, and of
the fides in the other. In the following Propofition,
where it is proved, that two lines being extended
from the extremities of a right line, AB, to a point
C, there is no other point on the fame fide of A B,
to which lines from A and B equal to the former
can be drawn : he who holds the contrary is fup-
pofed to fix upon that other point D; but why D?
rather than d, 4, &, &c. heis filent : and, there-
fore, I conclude, there is no fuch point different
from C. And the like may be faid of fome other
fimple theorems, that are commonly demonftrated by

fhewing the abfurdity of afferting their contraries.
5 2. Thﬂ
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2. The title of this paper renders it almoft need-
lefs to remind the reader, that the moon’s parallax
is not here propofed as the properelt medium for
determining that of the fun. Our daza are till too
uncertain for that purpofe, fcarce one of them having
been determined to an unexceptionable precifion ;
and the numbers in the table thew how much a
{mall difference in the moon’s diftance muft affe&t
the feveral conclufions. It may be of ufe, how-
ever, to know in what manner thofe conclufions, as
well as the quantities from which they derive ¥,
ftand related to one another. For if, hereafter, the
neceflary data thould be more exallly known, the
calculus may be repeated; and if the tranfit of
Venus, which is to happen in 1769, fhould confirm
Mr. Short’s calculations from that of 1759, we may
thence conclude the true mean diftance of the moon,
better than in any other way.

3. In the mean time, if any perfon fhould have
the curiofity to examine the numbers of the table,
he will pleafe to take notice :

That, as no two meafurements, nor any two
lengths of a fecond-pendulum hitherto obferved,
make the earth of the fame fpheroid figure, I have
retained for the ratio of its greateft and leaft diame-
ters, that of 231 to 230 ; anfwering to the hypo-
thefis of its uniform denfity : and have thence made
a degree of the equator equal to 57200 French
toifes -

* 'The connexions of F, », Q, are manifelt; and the rela.
gonko;' M to Q? is eafily deduced from Prop. g9. Princip.

00 .

+ This was computed upon the fuppofition, that a degree of the
meridian at lat, 49°% is 57183 toifes: but if that degree lfi‘}l;y
e
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The meafure of a fecond-pendulum, at the equa-
tor, I had from M. de la Condamine, as was faid
before : it was corrected for the centrifugal force,
and the refiftance of the air; and the moon’s di-
ftance, as revolving round the earth -at reft, was cor-
reGed for the fun’s difturbing force : which is done
cither by diminithing that diftance in the fubtriplicate
ratio of 178725 to 1777245 or by diminuhing
the length of the pendulum in the fimple ratio of
thefe numbers.  In this laft correion 1 was favoured
with the advice and affiftance of the Rev. Mr. Price,
and of the Aftronomer Royal, FF.R.S.

acorreftion of M. Picart’s operations, found to be only 54075
toifes ; the diameter of the equator here ufed ought to be di-
minifhed by about 18 10000th parts.

Vor, LVIII, F Received
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P.». L 10. for confufion read concuffion,

P.28. 1.8 for Q x Q¥ read ¢* x Q2.

P. 2q. in the note, for 00379755 read §0379753-

P. 30. I. 2. for hypothels read hypotheies.

Ibid. throughout the table, for & read & .

P. 32. 1. 16. for 1759 read 1761,

P. 175. I. 15. for being any number read z beirg any number.
P. 176. L. 4. for tohat read to that.

P. 179. 1. 18. for —,]i read 2
3 2}
P. 263. ). 24. for thing thing read thing,



